This paper presents closed-form solutions for the investment and valuation of a competitive firm with a CobbDouglas production function and a constant elasticity adjustment cost function in the presence of stochastic prices for output and inputs. The value of the firm is a linear function of the capital stock. The optimal rate of investmentis an increasing function of the slope of the value function with respect to the capital stock (marginal q). A mean preserving spread of the distribution of future price increases investment. An increase in the scale of the random component of a price can increase, decrease or not affect the rate of investment depending on the sign of the covariance of this price with a weighted average of all prices.
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Introduction
In this paper we develop a stochastic model of the production and investment behavior of a competitive fiat and use this model to examine the effects of uncertainty on the optimal rate of investment. ihe framework for this analysis is a stochastic version of the q theory of investment. Following a line of argument presented by !iynes (19361, Tobin (1969] defined (average) q as the ratio of the market value of a fiat to the replacement cost of its capital and then argued that investment is an increasing function of q. A more rigorous foundation for the q theory of investment is based on the adjustment cost literature developed by Eisner and Strots (1963] . Lucas (19671. Gould (1968] • and Treadway (19691. It has been shown by flussa (19771 • Abel (1979. 19821 and Yoshikawa [19801 that in the presence of convex adjustment costs.
investment is an increasing funotion of the shadow price of installed capital (marginal q). ibre recently, ffayashi (1982] has shown that under certain linear homogeneity and price-taking assumptions, the shadow price of installed capital is equal to the market value of the fiat divided by the replacement cost of its capital; that is, marginal q equals average q. In situations in which marginal q and average q are not equal, it is marginal q which is relevant for investment.
The literature cited above has developed the q theory in a deterministic frariavork with adjustment costs. tttothastic models of inveatnent in the preserce of adjustieut costs have beer develoue1 by Lucas and 'rescott f1971] , artman [1972) , finriyck [l92] , and Abel I93} . !Jsin a discrete-tine stochastic model, Fartmar showed that for a conretitive firm with constant returns to scale, increased uncertainty about future output prices or factor prices leads to increased current investment. Thre recently, Pindyck [i92] and Abel [1983] have analyzed investment behavior in continuous time models in which the price of output evolves according to an Ito process, and Abel demonstrated that artman's results carry over to continuous time. This paper extends Abel [19831 by incorporating several variable factors of production, with stochastic prices, and analyzes the effects of increased uncertainty. Py extending the model to include several stochastic prices, we are led to examine different types of increases in uncertainty. A payoff to this extension is that we find that different types of (mean-preserving) increases in uncertainty can have qualitatively different effects on the rate of investment.
In analyzing the effects of increased uncertainty about prices, we examine two types of increase in uncertainty: (1) a mean-preserving spread, and (2) an increase in scale. Althoug. an increase h! scale is a mean-preserving spread for a scalar random variable, we show that for a raultivariate random variable, an increase in scale is not, in general, a mean-preserving spread.
More importantly, we show that these two types of increase in uncertainty about prices have different effects on investment. As shown by rartman [1972] , a mean-preserving spread tends to increase investtnent; however, an increase in the scale of the random component of a single price will raise, lower, or not affect the rate of investment depending on whether the covariance of this price with a weighted average of all prices is positive, negative, or zero.
Section 2 develops the model of the competitive firm and. discusses the stochastic processes for the output price and the factor prices. The strategy of the paper is to restrict the specification of technology enough (constant elasticity) so that we can obtain explicit solutions for investment, i'arginal q and the market value of the firm. We present these solutions and provide an economic interpretation for them in Section 3. In Section 4 we define and analyze the effects of two alternative types of increase in uncertainty. The effects of increased uncertainty on the required rate of return are discussed in Section 5. Concluding remarks are presented in Section 6.
The Model of the Firm
Consider a competitive firm with a neoclassical production function F(Xi,... E) where X., i = ?,...,n, is the amount of the ith variable factor used at time t and is the amount of capital used at time t. Let Pt denote the price of output at time t and let w, i = i,...,n, denote the price of the ith variable factor at time t. The firm can accumulate capital by undertaking gross investment I at a cost w +1 C(T ), where w +1 is a t n ,t t n ,t multiplicative shock to the adjustment cost function. Polloving the adjustment cost literature, we assume that C(I) is an increasing convex function (C' > 0, C" > 0) and that C(Q) = 0. The accumulation of capital is given by
where S is the constant proportional rate of depreciation.
The price of output, the prices of the variable factors, and the multiplicative adjustment cost shock are generated by Ito processes. To econor'ize on notation, we let w0 denote the price of output Pt and specify the evolu- Observe in (4) that the conditional expected value of w., s > t, is independent of the variance of the process generating w•
The value of a risk-neutral firm at time t is the maximized expected pre sent v al te of net cash £1 ow from time t onw ard. As stmi ing that the di scount rate r is constant, the value of the firm can be expressed as a time-invariant function of w., i = 0,..., n+1, and the capital stock -w+i,t T)Jdt + T} Fquation (6) has a simple economic interpretation. The term in square brackets on the right hand side of (6) is the net cash flow over a small interval dt of time and the term dV is the change in the value of the firm. Equation (6) simply states that the expected. rate of return on the firm (net cash flow plus capital gain divided by the value of the firm) must be equal to the discount rate r. The expected value of dV is easily calculated using (1) and (2) and the fact The noni inear partial differential equation in (9) is the Deliman equation. Tn general, the ellran equation cannot be solved explicitly. The strategy in this paper is to restrict the specification of technology enough to obtain a closed form solution to the neilman equation.
Constant Masticity Technology
In order to make the Deilman equation easily solvable we assine that' the production function is Cobb-Douglas and that the adjustment cost function C(I) has a constant elasticity. Specifically Given this specification of technology we can row maximize the right hand side of (9) . , X, )
where
The optimal rate of investment is found by differentiating (9) Substituting (12) and (14) into (9), letting pFv denote the marginal revenue product of capital, observing that C(I) = I, and using (13), we obtain of the firm, marginal q and the optimal rate of investment. As shn in the Appendix, the value of the firm can be wri tten as
where a n+ 1 w her e n c.
a. a.
Equations (16a) and (16b) are equivalent to each other; equations (16c) and . Recalling that a --1, a a fla and n (7 a 1 -I a1, it is clear that each of the suns of coefficients is equal to i-i J one. Therefore, we obtain Result 1.
Result a: The value of the firm at time t is a linear function of Kt.
The slope of the value function with respect to P, i.e., V, is equal to a a w1" , which, as we will show, is equal tc the expected t ja4) ' present value of the marginal revenue products of capital. Since the firm is a price-taker and the production function is linearly hanogeneous, the marginal revenue product of capital is independent of the level of the capital stock. Rence, the expected present value of marginal revenue products is itdependent of and the slope of the value function is independent of
In order to show that is equal to the expected present value of the marginal revenue products of capital, we first present the following lermia which permits easy calculation of the expected present value of the marginal products of capital. To summarize, the value of the finn at time t is a linear function of
The linear term in represents the expected present value of marginal revenue products accruing to capital currently in place at time t.
The constant term represents the expected present value of rents to infra-marginal units of current and future investment.
The F.ffects of jjn tincertainty
In this section we examine the effects of increased uncertainty on the optimal rate of investment and on the market value of the firm. In a discrete-time model, flartman [1972] has shown that if wj, i=0,..., n+1, undergoes a mean preserving spread, then there is an increase in the rate of investment. In a continuous time model with a single variable factor of production, Abel [1983] has shown that Hartman's result continues to hold.
In. this section we extend the results of Abel [1983] to a model with several (n+2) random variables. 
4, iso
4 on whether this covariance is positive, negative, or zero, an IS increase in uncertainty will increase, decrease or leave unchanged the rate of investment.
We will examine the effects on investment of increasing uncertainty holding constant the current values of wi,. Since investment is an increasing function of we can focus on the effects of uncertainty on
For given values of wi, i a 0,..., n, the effects on and investment can be determined simply by determining the effects on pa1: the effects on and investnent are in the same direction as the effects on pa1.
We will first compare optimal investment under certainty and under uncertainty. In all cases we will examine changes in uncertainty which leave 
Increase in Scale
Consider a scalar random variable Z with mean Z. We will say that the scalar random variable y represents an increase in scale for the random variable Z, if y-Z = (1+b)(Z-Z) for some constant h > 0. Thus from (2) that in the special case in which p.. = 0, i j, j = > 0 so that an I increase on uncertainty leads to an increase in the rate of investment.
At first glance it may appear inconsistent that the effect on investment of an ?'PS increase in uncertainty is unambiguously positive, whereas the effect on investment of an IS increase in uncertainty can be positive, negative, or zero. These two findings are reconciled by the fact that, in general, an IS increase in uncertainty is not an T'PS increase in uncertainty. q.e.d.
Only if
In this section we have examined two different concepts of increasing uncertainty in a multivariate context: an PS increase in uncertainty and an IS increase in uncertainty. Ue have shown that an PS increase in r.neertainty unambiguously raises the rate of investment whereas an IS increase in uncertainty will raise, lower or leave unchanged the rate of investment depending on whether a certain covariance is positive, negative, or zero.
As a final comment on the effects of uncertainty, it should be emphasized that it is uncertainty of relative prices which has an effect on investment.
If all w are perfectly (positively) correlated and have the sane proportional variance, then all relative prices are non-stochastic. In this case, the rate of investment under uncertainty is the same as under certainty.
The Required Rate of Return6
Up to this point our analysis of the firm's behavior has been conducted under the assumption of ri sk-neutral ity. In particul ar, we have assumed that the required rate of return on the firm's equity, r, remains unchanged when the uncertainty of output price and factor prices is changed. It should be noted that risk-neutrality se is not required for the invariance of r with respect to changes in uncertainty. r!ore generally, in the traditional capital asset pricing model, the required rate of return on a firm is independent of the variance of its own prices (output prices and factor prices) if the rate of return on the firm is uncorrel ated with the return on the market portfol io.
In the context of more recent asset pricing models of Lucas (197) and Breeden (1979) , the required rate of return on a firm will be independent of the variances of prices if the rate of return on the firm is uncorrelated with the marginal utility of consunpti.on. Thus, risk-neutral itv se is not required for the results in this parer to hold.
If we drop the assumption that the return on the finn is uncorrelated with the market portfolio (or with the narginal utility of consiniption), then the required rate of return on the firm is an increasing function of the covariance of the firm's return with the return on the market portfol io. If the increase in price uncertainty causes this covariance to inc-:ase, then the requi red rite of return, also increases which tends to decrease both and investment. Alternatively, if the increase in price uncertainty leads to a decrease in the relevant covariance, then the required rate of return decreases so that and investment each tend to increase.
It is clear that to reach any conclusions about the effect of uncertainty on the required rate of return we would have to impose some structure on the covariance of the rate of return on the firm and the rate of return on the market portfolio (or the marginal utility of consinption). The results in earlier sections can be used to calculate the random component of the rate of return on the firm. Powever, without developing a complete general equilibriwn dynamic stochastic model, we have tremendous latitude in specifying a stochastic process for the rate of return on the market portfolio and thus could "derive" results which show the required rate of return increasing or decreasing in response to an increase in uncertainty.
The analysis of this paper is explicitly partial equilibrium in nature.
We have argued above that to reach any conclusions about the effect of increased uncertainty on the required rate of return (without, in effect, being free to assume the conclusion by strategically specifying the stochastic process for the rate of return on the market portfol io) would require a gelteral equilibrium model.
Of course, in a general equilibrium framework, the analysis of uncertainty should focus not on the effects of price uncertainty but rather on the effects of uncertainty about preferences and technology.
Such analysis is beyond the scope of this raper. Using the closed-form solution for the optimal rate of investment, we examined the effects on investment of two alternative types of increase in uncertainty about the random vector of prices.
The effect of a meanpreserving spread is to increase investment, Uowever, the effect of an increase in the scale of the random component of a single price is to increase, decrease, or leave unchanged the rate of investment depending on whether the covariance of this price with a (geometric) weighted, average of all prices is positive, negative, or zero.
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Anpendi '
We solve the T cilnan equation in (l ising the tho of unetrn inca cgeffjcients. We hypothesize that the sol ution takes the forn
where 
a.
A-2
'i1atin the coefficients of on both sides of (A9) yields the value of shn in (16c) and equating the coefficients of on both sides of (A9) yields tl:e value of in (16d). Since in wj5 is (conditionauiy) normally distributed, so is in 75 Therefore 
